We analyze the parametric space of the constrained minimal supersymmetric standard model with µ > 0 supplemented by a generalized asymptotic Yukawa coupling quasi-unification condition which yields acceptable masses for the fermions of the third family. We impose constraints from the cold dark matter abundance in the universe and its direct detection experiments, the B-physics, as well as the masses of the sparticles and the lightest neutral CP-even Higgs boson. Fixing the mass of the latter to its central value from the LHC and taking 40 tan β 50, we find a relatively wide allowed parameter space with −11 A0/M 1/2 15 and mass of the lightest sparticle in the range (0.09 − 1.1) TeV. This sparticle is possibly detectable by the present cold dark matter direct search experiments. The required fine-tuning for the electroweak symmetry breaking is much milder than the one needed in the neutralino-stau coannihilation region of the same model.
I. INTRODUCTION
The well-known constrained minimal supersymmetric standard model (CMSSM) [1] [2] [3] [4] [5] [6] [7] [8] is a highly predictive version of the minimal supersymmetric standard model (MSSM). Its basic characteristic is that it employes universal boundary conditions for the soft supersymmetry (SUSY) breaking terms. Namely, the free parameters of the CMSSM are the following signµ, tan β, M 1/2 , m 0 , and A 0 ,
where signµ is the sign of µ, the mass parameter mixing the electroweak Higgs superfields H 2 and H 1 of the MSSM which couple to the up-and down-type quarks respectively, tan β is the ratio of the vacuum expectation values of H 2 and H 1 , while the remaining symbols denote the common gaugino mass, the common scalar mass, and the common trilinear scalar coupling constant, respectively, defined at the grand unified theory (GUT) scale M GUT , which is determined by the unification of the gauge coupling constants. However, the recently announced experimental data on the mass of the standard model (SM)-like Higgs boson [9, 10] and the branching ratio BR (B s → µ + µ − ) of the process B s → µ + µ − [11] [12] [13] in conjunction with the upper bound [14] from cold dark matter (CDM) considerations on the relic abundance Ω LSP h 2 of the lightest SUSY particle (LSP) -which is the lightest neutralinõ χ -put under considerable stress [15] [16] [17] [18] the parameter space of the CMSSM. It is by now clear, however, that there still exist viable slices of the following three regions * Electronic address: nikar@auth.gr † Electronic address: lazaride@eng.auth.gr ‡ Electronic address: cpallis@ific.uv.es of the parameter space of the CMSSM which give acceptable values of Ω LSP h 2 :
1. The neutralino-stau (χ −τ 1 ) coannihilation region with M 1/2 ≫ m 0 , whereχ is an almost pure bino and Ω LSP h 2 is reduced to an acceptable level due to the proximity between the mass m LSP of the LSP and the mass mτ 1 of the lightest stauτ 1 , which is the next-to-LSP (NLSP).
2. The A-funnel region [15] appearing at large ( 40) tan β values, where the mass m A of the CP-odd Higgs boson A satisfies the relation m A ≃ 2m LSP and so theχ −χ pair annihilation procedure is enhanced by an A-pole exchange in the s-channel, thereby reducing Ω LSP h 2 .
3. The hyperbolic branch/focus point (HB/FP) region [19] [20] [21] [22] [23] [24] [25] [26] [27] located at large values of m 0 ≫ M 1/2 and small µ's, which ensures a sizable higgsino fraction ofχ. The Ω LSP h 2 remains under control for m LSP 1 TeV thanks to the rapidχ −χ annihilation and the neutralino-chargino (χ/χ 2 −χ + 1 ) coannihilation [28] [29] [30] (χ 2 is the next-to-lightest neutralino andχ + 1 the lightest chargino). It would be interesting to investigate whether this available parameter space survives in even more restrictive versions of the CMSSM, which can emerge by embedding it in concrete SUSY GUT models. Here we focus on the Pati-Salam (PS) GUT model based on the gauge group G PS = SU (4) c × SU (2) L × SU (2) R [31, 32] , which in its simplest realization leads [33] to 'asymptotic' Yukawa unification (YU) [34, 35] , i.e. the exact unification, at the GUT scale M GUT , of the Yukawa coupling constants h t , h b , and h τ of the top quark t, the bottom quark b, and the tau lepton τ , respectively. Although the CMSSM with YU is an elegant model, it yields unacceptable values of the b-quark mass m b for both signs of µ given the experimental values of the t and τ masses -which, combined with YU, naturally restrict tan β to large values. This is due to the presence of sizable SUSY corrections [36] [37] [38] [39] to the tree-level b-quark mass (about 20%), which drive it well above [a little below] its 95% confidence level (c.l.) experimental range for µ > 0 [µ < 0] -we use the standard convention of Ref. [40] for the sign of µ.
In order to circumvent this difficulty, we consider here the extended PS SUSY GUT model introduced in Ref. [41] and reviewed in Refs. [42, 43] , which yields a moderate deviation from exact YU and, thus, allows acceptable values of the b-quark mass for both signs of µ within the CMSSM. In particular, the Higgs sector of the simplest PS model [31, 32] is extended so that H 2 and H 1 are not exclusively contained in a SU (4) c singlet, SU (2) L × SU (2) R bidoublet superfield, but receive subdominant contributions from another bidoublet too which belongs to the adjoint representation of SU (4) c . As a result, YU is naturally violated and replaced by a set of asymptotic Yukawa quasi-unification (YQU) conditions:
These conditions depend on two complex parameters α 1 , α 2 and one real and positive parameter ρ. The parameters α 1 and α 2 describe the mixing of the components of the SU (4) c singlet and 15-plet Higgs bidoublets, while ρ is the ratio of their respective Yukawa coupling constants to the fermions of the third family [43, 44] . In our original papers [41, [45] [46] [47] [48] , we have considered monoparametric versions of the YQU conditions depending on just one parameter, which was considered for simplicity real and replaced tan β in the investigation of the parametric space of the model. These forms of the YQU conditions arise by taking α 1 = −α 2 for µ > 0 or α 1 = α 2 for µ < 0. Indeed, these choices turn out to be suitable for generating an adequate violation of YU and ensuring, at the same time, successful radiative electroweak symmetry breaking (EWSB) and the presence of a neutralino LSP in a large fraction of the parametric space. However, the emergent versions of CMSSM are by now experimentally excluded. For µ < 0, this is due to the incompatibility between the bound on the branching ratio BR (b → sγ) of the process b → sγ and the CDM constraints [45] . For µ > 0, on the other hand, it is due to the fact that the parameter space where the CDM constraint on Ω LSP h 2 is satisfied thanks toχ −τ 1 coannihilations turns out to be non-overlapping with the space allowed by the data [11, 12] on BR (B s → µ + µ − ) [48] . The main reason for the latter negative result is that tan β remains large and hence, it enhances the SUSY contribution to BR (B s → µ + µ − ) -originating [49, 50] from neutral Higgs bosons in chargino-, H ± -, and W ± -mediated penguins -which behaves as tan 6 β/m In order to overcome this hurdle, we adopted in Refs. [43, 44] the more general version of the YQU conditions in Eq. (2) without imposing any relation between α 1 and α 2 . As a consequence, we could accommodate more general values of the ratios h m /h n with m, n = t, b, τ , which nonetheless are of order unity for natural values of the model parameters. Consequently, lower tan β's were allowed reducing thereby the extracted BR (B s → µ + µ − ) to a level compatible with the CDM requirement. The allowed parameter space of the model found in Ref. [43] is then mainly determined by the interplay between the constraints from the BR (B s → µ + µ − ), CDM, and the results of LHC on the Higgs boson h mass m h . Actually, the upper bound on m LSP from CDM considerations increases drastically mainly by stau-antistau coannihilation processes, which are enhanced by a H-pole exchange in the s-channel (H is the heavier CP-even neutral Higgs boson with mass m H ). Our acceptable solutions are due to a synergy betweenχ −τ 1 coannihilation and the Afunnel mechanism -see points 1 and 2 above -given that m H ≃ m A . However, m LSP comes out to be large (∼ 1 TeV), which makes the direct detectability of the LSP very difficult and the sparticle spectrum very heavy. Furthermore, the emergent values of M 1/2 , m 0 , and µ lie in the multi-TeV range, which puts under some stress the naturalness of the radiative EWSB.
Therefore, the tantalizing question, which we address here, is whether the conditions in Eq. (2) can become compatible with the solutions obtained in the HB/FP region of the CMSSM -see point 3 above. We show that this is not only possible but also quite promising since, apart from allowing a much wider parametric space, it gives smaller values of µ and m LSP , despite the fact that m 0 and M 1/2 are quite large and the sfermions, sleptons and heavier Higgs bosons are quite heavy. Moreover, the LSP can be probed by the CDM detection experiments, which play a crucial role in limiting the parameter space of the model. Finally, the deviation needed from exact YU can be naturally attributed to the YQU conditions in Eq. (2), while the fine-tuning required for the radiative EWSB turns out to be milder than the one needed in thẽ χ −τ 1 coannihilation region for m LSP 's yielding Ω LSP h 2 's close to the cosmological upper bound.
We first (Sec. II) review the phenomenological and cosmological requirements which we consider in our investigation. Next (Sec. III), we exhibit the salient features of the HB/FP region of the CMSSM and find, in Sec. IV, the resulting restrictions on the parameters of the CMSSM. We, finally, check, in Sec. V, the consistency with Eq. (2) and discuss the naturalness of the model in Sec. VI. We summarize our conclusions in Sec. VII.
II. PHENOMENOLOGICAL AND COSMOLOGICAL CONSTRAINTS
In our investigation, we use the two-loop renormalization group equations -see e.g. Ref. [7] -for both the gauge and Yukawa coupling constants and the one-loop ones for the parameters of the soft SUSY breaking terms. We integrate these equations between M GUT and an optimal common SUSY threshold
witht 1,2 being the stop quark mass eigenstates. We then impose, at M SUSY , the conditions for the radiative EWSB and compute the SUSY corrections to the fermion masses -see below. This choice of scale reduces drastically the one-loop corrections to the Higgs boson masses, making their calculation from the tree-level effective potential quite accurate and stable [7] . The running of the SM gauge and Yukawa coupling constants is performed from M SUSY down to the SM scale M Z . The SUSY spectrum is evaluated by using the publicly available calculator SOFTSUSY [51] . The output is put into micrOMEGAs [52] , a publicly available code which calculates a number of phenomenological -see Sec. II A -and cosmologicalsee Sec. II B -observables which assist us to restrict the parametric space of our model.
A. Phenomenological Constraints
The phenomenological considerations which we take into account in our study are the following:
SM fermion masses
In order to determine with good precision the running of the Yukawa coupling constants in the large and intermediate tan β regime, we have to take into account the sizable SUSY corrections [36-38, 53, 54] to the treelevel b-quark and τ -lepton masses. The corrections to the b-quark mass (about 20%) arise from sbottom-gluino (mainly) and stop-chargino loops and have the same sign as µ. We incorporate them in our code using the formulas of Ref. [53] in accordance with the recent reanalysis of Ref. [39] . The result is to be compared with the experimental value of m b (M Z ). This is derived by using as an input parameter the MS value, which, at 1 − σ, is [55] 
This range is evolved up to M Z using the central value a s (M Z ) = 0.1185 [55] of the strong fine-structure constant at M Z and then converted to the DR scheme in accordance with the analysis of Ref. [56] . We obtain
at 68% c.l. with the central value being m b (M Z ) = 2.83 GeV. Less important but not negligible (almost 4%) are the SUSY corrections [53] to the τ -lepton mass, which have the effect [41, 45] of slightly reducing tan β. We take as input the central value [56] m τ (M Z ) = 1.748 GeV (6) of the DR τ -lepton mass at M Z . Finally, as regards the t-quark mass, we take the latest 1 − σ result [57] 
In most of the plots in Sec. IV, we set
which lies well inside the experimental range from both ATLAS and CMS in Eq. (8).
Sparticles searches
The mass limits which are relevant for our investigation are the following:
a. Mass of the chargino The combined results of experiments that took place at LEP [58] showed that, regardless of the model, the lower bound on the mass of the charginos is mχ± 103.5 GeV. (11) b. Mass of the gluino The present model dependent 95% c.l. lower bound on the mass of the gluino is [59]
It is well-known that such a heavy gluino spoils the success of several models which consider the HB/FP region [60] [61] [62] [63] [64] [65] [66] [67] . However, as we will show, this does not happen in our case.
B-physics constraints
We also consider the following constraints originating from B-meson physics:
• The branching ratio BR (B s → µ + µ − ) of the process B s → µ + µ − is to be consistent with the 95% c.l. experimental upper bound [11, 12] 
This constrains quite strongly the parameter space in models with large tan β, such as our model. Although the most recent experimental result is [13]
we use the more stringent upper bound in Eq. (13), since it is a combined result and, thus, much more reliable.
• The branching ratio BR (b → sγ) of b → sγ [68] [69] [70] [71] must lie in the 95% c.l. range [72, 73] 2.84 × 10
• The ratio R (B u → τ ν) of the CMSSM to the SM branching ratio of the process B u → τ ν [50, 74] should be confined in the 95% c.l. range [72] 0.52 R (B u → τ ν) 2.04 .
Muon anomalous magnetic moment
There is a discrepancy δa µ between the measured value of the muon anomalous magnetic moment a µ from its SM prediction. The latter, though, is not yet completely stabilized mainly because of the ambiguities in the calculation of the hadronic vacuum-polarization contribution. According to the evaluation of this contribution in Ref. [75] , there is still a discrepancy between the findings based on the e + e − -annihilation data and the ones based on the τ -decay data. However, in Ref. [76] , it is claimed that this discrepancy can be alleviated. Taking into account the recent and more reliable calculation based on the e + e − data [77] , the complete tenth-order QED contribution [78] , and the experimental measurements [79] of a µ , we end up with a 2.9 − σ discrepancy δa µ = (24.9 ± 8.7) × 10 −10 ,
resulting to the following 95% c.l. range:
This δa µ can be attributed to SUSY contributions calculated by using the formulas of Ref. [80] . The resulting δa µ has the sign of µ and its absolute value decreases as m LSP increases. Therefore, Eq. (17b) hints that the sign of µ has to be positive. Moreover, a lower [upper] bound on m LSP can be derived from the upper [lower] bound in Eq. (17b). As it turns out, only the upper bound on m LSP is relevant here. Taking into account the aforementioned computational instabilities and the fact that a discrepancy at the level of about 3 − σ cannot firmly establish a real deviation from the SM value, we restrict ourselves to just mentioning at which level Eq. (17a) is satisfied in the parameter space allowed by all the other constraints -cf. Refs. [15] [16] [17] [18] .
B. Cosmological Constraints
Our cosmological considerations include information from the CDM abundance and direct detection experiments quoted below.
Cold dark matter abundance
In accordance with the recently reported results [14] from the Planck satellite, the 95% c.l. range for the CDM abundance in the universe is
In the context of the CMSSM, the lightest neutralinoχ can be the LSP and, thus, naturally arises as a CDM candidate as long as its relic abundance does not exceed the upper bound in Eq. (18), i.e.
This is a quite strong restriction on the parameter space, since Ω LSP h 2 increases, in general, with m LSP and so an upper bound on m LSP can be derived from Eq. (19) . Note that no lower bound on Ω LSP h 2 is imposed in our analysis, since the CDM may receive contributions from other particles too [81] [82] [83] [84] [85] .
Focusing on the HB/FP region, we find that the main processes causing the reduction of Ω LSP h 2 are theχ −χ annihilations (for large |A 0 /M 1/2 |'s and low m LSP 's) and theχ/χ 2 −χ + 1 coannihilations (for low |A 0 /M 1/2 |'s and large m LSP 's). Specifically, the dominant reactions are (see Fig. 1 ) -the notation used for the various (s)particles is the same as in Table II - •χχ → W + W − mediated by a h and H exchange in the s-channel and
•χ/χ 2χ + 1 → tb and ud mediated by ab 1,2 ord L,R exchange in the t-channel, respectively.
Here, as in Sec. IV D, we consider the squarksd L,R of the two lightest generations as degenerate. The strength of the coannihilation processes is controlled by the relative mass splittings ∆χ± or ∆χ 2 between theχ + 1 orχ 2 , respectively, and the LSP, which are defined by In particular, we find that the resulting Ω LSP h 2 decreases with ∆χ± or ∆χ 2 . Theχ/χ 2 −χ + 1 coannihilation processes are dominant in the regions where the bound on Ω LSP h 2 in Eq. (19) is approached contributing almost 40% to the total effective cross section. On the other hand, in the region where mχ± is near its lower limit in Eq. (11), theχ−χ annihilation processes contribute more than 50% to the reduction of Ω LSP h 2 -cf. Ref. [30] .
Spin-independent direct detection of CDM
Direct detection of dark matter through its elastic scattering off atomic nuclei inside an underground detector would be an undeniable evidence of its existence. Data coming from direct detection experiments can provide strict bounds on the values of the free parameters in SUSY models with a sizable higgsino component, as in our case. Here, we focus on the large underground Xenon (LUX) experiment [86] , which belongs to the experiments probing for the spin-independent (SI) cross section, since it considers only the scalar part of the cross section. Therefore, the quantity which has to be considered for comparing the experimental results and theoretical predictions is the SI neutralino-proton (χ − p) elastic scattering cross section σ SĨ χp . This quantity is calculated by employing the relevant routine of the micrOMEGAs package [87] based on the full one-loop treatment of Ref. [88] . The scalar form factors f p Tq (with q = u, d, s) for light quarks in the proton, which are needed for the calculation of σ SĨ χp , are estimated following the revised approach of Ref. [89] and taking into account the recent lattice simulations [90] , which suggest the following 68% c.l. ranges for the pion-nucleon (σ πN ) and the strangeness-nucleon (σ s ) sigma terms:
Using also as inputs the light quark mass ratios [55] 
Note that these ranges are much narrower than the ones used in Ref. [46] . Also f p Ts turns out to be considerably smaller than its older value -cf. Ref. [25] -reducing thereby the extracted σ SĨ χp . In the HB/FP region, where the LSP has a significant higgsino component, σ SĨ χp is dominated by the tchannel Higgs-boson-exchange diagram contributing to the neutralino-quark elastic scattering process -for the relevant tree-level interaction terms see e.g. the appendix of Ref. [42] . Especially for large tan β's, which is the case here, the couplings of the heavier Higgs boson H to down-type quarks are proportional to tan β and so are the dominant ones. More explicitly, σ SĨ χp behaves as
where N 1,1 , N 1,2 , and N 1, (3, 4) are the elements of the matrix N which diagonalizes the neutralino mass matrix and express the bino, wino, and higgsino component of χ, respectively. As a consequence, σ SĨ χp can be rather enhanced compared to its value in theχ −τ 1 coannihilation region, whereχ is essentially a pure bino.
The data from the LUX experiment, which we take from Ref. [91] , are directly applicable in the case where the CDM consists of just one kind of weakly interacting massive particle, which in our case would be the neutralinoχ. However, if theχ's constitute only a part of the CDM in the universe, some extra care is required. The number of the scattering events λ is [92] [93] [94] proportional to σ SĨ χp and the localχ density ρχ:
In the case where the CDM consists only of neutralinos,
where ρ CDM is the local CDM density. So, the LUX experiment bound on λ can be directly translated into a bound on σ SĨ χp provided that ρ CDM can be estimatedsee e.g. Ref. [95] . However, when theχ's constitute only a fraction of the total CDM, we can write Eq. (24) as
Following the authors of Ref. [96] , we can then use the scaling ansatz
which gives
So, the LUX experiment bound on λ is now translated into a bound on the 'rescaled' SI neutralino-proton elastic cross section ξσ SĨ χp , where ξ = Ωχ/Ω CDM .
III. THE HYPERBOLIC BRANCH/FOCUS POINT REGION
A detailed discussion of the characteristics of the HB/FP region of the CMSSM is given in Refs. [26, 27] . The classification of the various solutions of the radiative EWSB condition is based on the expansion of µ 2 in terms of the soft SUSY breaking parameters of the CMSSM included in Eq. (1). Indeed, using fitting techniques, we can verify the following formula (29), we can easily infer that the SUSY breaking parameters are bounded above for fixed µ, when the quadratic form in the right-hand side of this equation is positive definite. This is the so-called ellipsoidal branch (EB). On the contrary, in the hyperbolic branch (HB) region [19] , c 0 is negative and, consequently, m 0 can become very large together with a combination of A 0 and M 1/2 with all the other parameters being fixed. Near the boundary between the EB and HB regions, c 0 is very close to zero and, thus, m 0 can become very large with all the other parameters fixed. Moreover, there is a region where the soft SUSY breaking mass-squared m 2 H2 of H 2 becomes independent of the asymptotic value of the parameter m 0 . This is called the focus point (FP) region [22] [23] [24] .
In the HB region, the radiative EWSB admits three types of solutions [26, 27] Since, in our model, tan β is large, we will not distinguish focal from focus points and we will use the same abbreviation (FP) for both. To get an idea of how our solutions in Sec. IV are classified into these categories, we display, in and 50 -see Sec. IV D. We also list the relevant 1 − σ uncertainly δc 0 of c 0 , which is practically the deviation between the lowest c 0 obtained by varying m t (m t ) in the 1 − σ range in Eq. (7) and the value of c 0 corresponding to the central value of m t (m t ) -possible variation of m b (M Z ) in its 1 − σ range in Eq. (5) does not change c 0 significantly. As it turns out, the minimal c 0 corresponds to the upper limit of m t (m t ) in Eq. (7). Taking then the ratio |c 0 |/δc 0 , we see that the displacement of c 0 from zero ranges from 2.4 − σ (for tan β = 50) to 6.6 − σ (for tan β = 40). In particular, for tan β 45, this displacement does not exceed 5 − σ and, thus, a real deviation of c 0 from zero cannot be established. As a consequence, we can say that the corresponding parameters lie within the HB/FP region. On the contrary, for tan β 45, the parameters belong to the HB/FC and HB/FS region.
IV. RESTRICTIONS ON THE SUSY PARAMETERS
Imposing the requirements described in Sec. II -with the exception of the one of Sec. II A 5 -, we can restrict the parameters of our model. Following our approach in Refs. [43, 44] , we use as free parameters of the model the ones in Eq. (1). The Yukawa coupling constant ratios h t /h τ and h b /h τ are then fixed by using the data of Sec. II A 1. These ratios must satisfy the YQU conditions in Eq. (2) for natural values of the parameters α 1 , α 2 , and ρ -see Sec. V. We restrict ourselves to the range 40 ≤ tan β ≤ 50 since, below tan β = 40, the ratios h m /h n (m, n = t, b, τ ) tend to require unnatural values of α 1 , α 2 , and ρ and, above tan β = 50, the numerical calculations for the soft SUSY masses become quite unstable. As a characteristic value in our allowed parameter space, we take tan β = 48, which balances well enough between maintaining natural values for the h m /h n 's and satisfying the various requirements of Sec. II.
We concentrate on the µ > 0 case, given that µ < 0 worsens the violation of Eq. (17a), and scan the region −30 ≤ A 0 /M 1/2 ≤ 30. We will hereafter use the central values of the SM parameters M t , m b (M Z ), m τ (M Z ), and α s (M Z ) given in Sec. II A 1. We find that the only constraints which play a role are the lower bound on m h in Eq. (10), the bounds on mχ± and mg in Eqs. (11) and (12) , the CDM bound in Eq. (19) , and the bound from the LUX experiment -see Sec. II B 2. In the parameter space allowed by these requirements, all the other restrictions of Sec. II A are automatically satisfied with the exception of the lower bound on δa µ in Eq. (17b). This bound is not imposed here as a strict constraint on the parameters of the model for the reasons explained in Sec. II A 5. We only discuss the level at which the requirement in Eq. (17a) is satisfied in the parametric region allowed by all the other constraints.
We first present, in Sec. IV A, the restrictions in the M 1/2 − m 0 plane for low values of A 0 /M 1/2 and then, in Sec. IV B, we reveal the role of the bound in Eq. (12) The upper boundary along each of these allowed strips arises from the limit on mχ± in Eq. (11). Note that this limit is more restrictive than the limit for triggering radiative EWSB -cf. Ref. [97] . The lower boundary along each strip is given by the upper limit on Ω LSP h 2 in Eq. (19) . On the other hand, the lower limit on m h in Eq. (9) , it is limited in the range −11.7 A 0 /M 1/2 15.5. In order to understand this behavior, let us recall that m h depends on the ratio X , where X t = A t − µ cot β with A t being the soft trilinear scalar coupling constant for the t-squark. For m h and tan β fixed, we see that larger absolute values of A 0 /M 1/2 require larger mt's too and, since mt depends largely on m 0 , the latter must grow larger as well together with the left-handed squark soft SUSY breaking masses M QL . These soft masses increase as the soft gluino mass M 3 decreases -see the relevant renormal-ization group equation in Ref. [7] -and, thus, it is quite obvious that, in order to achieve larger values of M QL , we need smaller M 3 's, which also suggests smaller values for the common asymptotic gaugino mass M 1/2 . Therefore, small M 1/2 's and large |A 0 |'s, which lead to big |A 0 /M 1/2 |'s, yield small mg's, which is exactly what one deduces from Fig. 3 .
C. Restrictions from the LUX Experiment
Considering the cross section σ SĨ χp , we can not only probe the detectability of the LSP, but also obtain further restrictions on the parameters of our model. This is because of the rather enhanced σ The allowed regions are bounded by five different types of lines for which we adopt the following conventions:
• on the solid line the bound on mχ± coming from Eq. (11) is saturated;
• on the double dot-dashed line the limit on mg in Eq. (12) is saturated;
• on the dashed line the bound on Ω LSP h 2 from Eq. (19) is saturated;
• the dotted line depicts the bound on ξσ • the dash-dotted line represents the lowest possible σ SĨ χp in each case. As can be understood from the description of the various lines above, we have ξ = 1 along the dashed line. As regards the minimal ξ, this reaches 0.013 independently of tan β.
Notice that there are no significant differences between the various tan β's as regards the allowed ranges of m LSP and A 0 /M 1/2 . From all these graphs, we deduce that, as we move towards the Ω LSP h 2 = 0.125 line, m LSP and mχ± grow larger, while the allowed range of A 0 /M 1/2 becomes smaller. The largest |A 0 /M 1/2 | is located at the junction point of the double-dot-dashed and dotted lines -with the exception of the allowed region for tan β = 50 and A 0 /M 1/2 > 0, where the largest |A 0 /M 1/2 | is found at the intersection of the solid and double-dot-dashed lines. The smallest m LSP can be found in the upper left corner of the allowed regions, whereas the largest m LSP is found on the dashed line. The allowed ranges of A 0 /M 1/2 and m LSP can be summarized as follows:
• For tan β = 40, we find −12.4 A 0 /M 1/2 16.28 and 92 m LSP /GeV 1084.8.
• For tan β = 48, we find −12.8 A 0 /M 1/2 15.8 and 92 m LSP /GeV 1084.2.
• For tan β = 50, we find −13
A 0 /M 1/2 15.35 and 91.9 m LSP /GeV 1088.
We noticed that, as A 0 /M 1/2 approaches 2 from above, the value of the product 
and it is obtained at tan β = 40 and m LSP ≃ 101.7 GeV. The bound in parenthesis is derived by allowing the f p Tq 's to vary within their 1 − σ intervals in Eqs. (22a), (22b), and (22c). As a consequence, the obtained values of ξσ SĨ χp are within the reach of the forthcoming experiments like XENON1T [98] and superCDMS [99] with planned sensitivity from 10 −44 to 10 −47 cm 2 -recall that 1 pb = 10 −36 cm 2 .
D. The Overall Allowed Parameter Space
In order to have a more spherical view of the allowed parameter space of our model, we present in Fig. 5 the allowed regions in the m A − A 0 /M 1/2 plane for tan β = 40, 48, and 50 enclosed by blue, red, and green lines, respectively. As one can see from Fig. 4 and the allowed ranges of m LSP presented in Sec. IV C, the mass of the LSP (and M 1/2 ) is confined in approximately the same range independently of tan β. Therefore, we opt to use m A as variable in the horizontal axis, so that the allowed regions corresponding to different tan β's are well distinguishable. We observe that, although the range of m LSP is practically tan β-independent, m A increases as tan β decreases. For each value of tan β, there are three different boundary lines corresponding to different restrictions. On the solid and dashed line, the bounds on mχ± in Eq. (11) and on Ω LSP h 2 in Eq. (19) are saturated, whereas the restriction from the LUX data on ξσ (11), (19) , and the LUX data, respectively. The restriction in Eq. (12) The values of the input and some output parameters, the mass spectra and some low energy observables of the model are listed in Table II for four characteristic points of the allowed parameter space with m h = 125.5 GeV. The various masses of the SUSY particles (gauginos/higgsinosχ,χ 2 ,χ 3 ,χ 4 ,χ
and the Higgs particles (h, H, H
± , A) are given in TeV -note that we consider the first two generations of squarks and sleptons as degenerate. We chose the values of the input parameters so as to assure that Ω LSP h 2 is not far from its central value in Eq. (18). The relatively low ∆χ± 's and ∆χ 2 's obtained and the sizable higgsino fraction |N 1,3 | 2 + |N 1,4 | 2 assist us to achieve this. Note that, in all the cases, the lightest neutralino mass turns out to be close to the corresponding µ. We also include an estimate for the EWSB fine-tuning parameter ∆ EWsee Sec. VI.
We observe that the low energy B-physics observables satisfy the relevant constraints in Sec. II A 4, whereas the δa µ 's are far below the lower limit in Eq. (17b) . Also, the extracted σ SĨ χp 's can be probed by the forthcoming experiments [98, 99] . For the spin-dependentχ − p scattering cross section σ SD χp , we adopt the central values for the hadronic inputs in Ref. [46] . As can be easily deduced from the displayed values, σ SD χp in our model lies well below the sensitivity of IceCube [100] (assumingχ −χ annihilation into W + W − ) and the expected limit from the large DMTPC detector [91] . Therefore, the LSPs predicted by our model can be detectable only by the future experiments which will release data on σ SĨ χp .
Comparing the results of Table II with the corresponding ones in theχ −τ 1 coannihilation region -see Table II of Refs. [43, 44] -, we may appreciate the different features of the HB/FP solutions presented here. First of all, m 0 acquires considerably larger values here, while µ remains quite small. The Higgs bosons H, H ± , and A acquire larger masses and the whole sparticle spectrum, with the exception of the neutralinos and charginos, becomes heavier. The gluino mass is heavier for lower tan β's, in contrast with what happens in theχ −τ 1 coannihilation region, where we observe the opposite behavior. Here, the ratio h b /h τ is smaller, h t /h b is closer to 2, while h t /h τ is even closer to unity. The restrictions on the low energy observables are all well satisfied, except the one on δa µ , which becomes even smaller than in theχ −τ 1 coannihilation region. Note that the latter region is tightly constrained by BR (B s → µ + µ − ), which is well suppressed in the HB/FP region. As regards Ω LSP h 2 , this becomes compatible with Eq. (19) in the present case thanks toχ/χ 2 −χ [98, 99] . On the contrary, within theχ −τ 1 coannihilation region,χ is an almost pure bino, m LSP ≃ M 1/2 /2, and σ SĨ χp is well below the sensitivity of any planned experiment.
V. DEVIATION FROM YUKAWA UNIFICATION
The ranges of the ratios of the asymptotic third generation Yukawa coupling constants in the allowed parameter space of the model in the range 40 ≤ tan β ≤ 50, which we consider here, are the following: (31) It is easy to see that, although YU is violated, these ratios turn out to be quite close to unity. However, for tan β < 40, the ratios h t /h τ and h t /h b become large and the term 'Yukawa quasi-unification conditions' cannot be justified for the constraints given in Eq. (2). So, we restrict ourselves to tan β ≥ 40.
We will now give a specific example of how such values for the ratios of the Yukawa coupling constants as the ones in Eq. (31) can be achieved in a natural way. We consider the third case in Table II with tan β = 48, where h t /h τ = 1.107 and h b /h τ = 0.763, and solve Eq. (2) with respect to the complex parameters α 1 , α 2 , and the real and positive parameter ρ. Specifically, we first find pairs of values for ρ and α 1 which satisfy the YQU condition for h b /h τ and, then, for each one of these pairs, we find α 2 's which satisfy the equation for h t /h τ . Note that, while h b /h τ depends only on the value of the product ρα 1 , the ratio h t /h τ depends on each of the parameters α 1 , α 2 , and ρ separately. This is the reason why the solutions in the α 1 complex plane lie on a set of similar curves corresponding to different values of ρ, whereas the values of α 2 do not follow any specific pattern in the corresponding complex plane -see below. We found that solutions exist only for low values of ρ (up to about 0.6) and also for large values of this parameter (ρ 2.4).
We present several of these solutions in the α 1 and α 2 complex planes in Fig. 6 , but only for the lower values of ρ, which are considered more natural. In the left panel of this figure, we see that, for any given value of ρ, the data clearly lie on a specific curve and that the curves for different values of ρ are similar to each other. On the other hand, in the right panel, the data are more Note also that, for the larger values of ρ, we get smaller values for α 1 and α 2 . So, we see that the ratios of the Yukawa coupling constants in this example can be easily obtained by natural choices of ρ, α 1 , and α 2 .
We find that, for all the possible values of the ratios of the third generation Yukawa coupling constants encountered in our investigation, the picture is quite similar. So, we conclude that these ratios can be readily obtained by a multitude of natural choices of the parameters ρ, α 1 , and α 2 everywhere in the allowed parameter space of the model which we considered here. The value of ∆ EW can be even smaller for lower m LSP 's and Ω LSP h 2 's. However, we believe that the values presented above are more interesting, especially if we wish to compare the ∆ EW 's found in the HB/FP region with the ones in theχ −τ 1 coannihilation region analyzed in Ref. [44] . To this end, we plot also, in the right panel of Fig. 7 , M 1/2 (solid line) and ∆ EW (dashed line) as functions of m LSP in theχ −τ 1 coannihilation region of the same model for tan β = 48, m h = 125.5 GeV, and A 0 /M 1/2 < 0 -see Fig. 3 of Ref. [44] . It is evident that, in this coannihilation region, the required values of m LSP are somewhat larger and the values of ∆ EW can become about a factor of ten larger (∆ EW > 1000). We can, thus, easily appreciate the amelioration regarding the EWSB fine-tuning that we achieve working in the HB/FP region.
VII. CONCLUSIONS
We investigated the compatibility of the generalized asymptotic Yukawa coupling constant quasi-unification, which yields acceptable masses for the fermions of the third family, with the HB/FP region of the CMSSM for µ > 0 and 40 ≤ tan β ≤ 50. We imposed phenomenological constraints originating from the mass of the lightest neutral CP-even Higgs boson, the lower bounds on the masses of the sparticles, and B-physics. We also considered cosmological constraints coming from the CDM relic abundance in the universe and the LUX data on the spin-independent neutralino-proton elastic scattering cross section. Fixing m h to its central value favored by the LHC, we found a relatively wide allowed range of parameters with −11
A 0 /M 1/2 15 and 0.09 m LSP /TeV 1.1. The restriction on the deviation of the measured value of the muon anomalous magnetic moment from its SM prediction, however, is only satisfied at the level of about 2.8 − σ in this parameter space allowed by all the other requirements.
The LSP, which is a bino-higgsino admixture, has an acceptable relic abundance thanks to coannihilations between the LSP and the next-to-lightest neutralino with the lightest chargino. The LSP is also possibly detectable in the planned CDM direct search experiments which look for the spin-independent elastic cross section between neutralino and proton. The required deviation from YU can be easily attributed to a multitude of natural values of the relevant parameters within a Pati-Salam SUSY GUT model and the EWSB fine-tuning ∆ EW −1 turns out to be of the order of 5 × 10 −3 . It is worth mentioning that the same model has been tested successfully in theχ −τ 1 coannihilation region [44] . However, the allowed parametric space turned out to be much more restricted there, the detectability of the LSP quite unlike, and the EWSB fine-tuning worse.
